Counter-propagating co-axial Laguerre-Gaussian (LG) beams are considered, not in the familiar scenario where the focal planes coincide at z = 0, but when they are separated by a finite distance d. In the simplest case where both beams have the same linear polarization the total fields are shown to display novel amplitude and phase distributions in the form of a finite ring lattice. When the beams have slightly different frequencies the interference pattern becomes a set of rotating rings in a manner resembling Ferris wheels and the whole pattern also moves axially between the focal planes. The utility of such axially-shifted counter-propagating LG beams stems from their novel optical forces, their torques and their trapping potentials which act on atoms between the focal planes.
Introduction
Optical manipulation as an area of optical physics stems from the mechanical effects which laser light imposes on matter, both in the form of atoms and molecules or matter at the nanoscale. This area continues to be a subject of much interest both from a fundamental point of view and for useful applications. Research began with the pioneering work by Ashkin et al [1] who showed that light pressure applied to atoms, leads to a variety of techniques resulting, most notably, in their heating, cooling, trapping and levitation. The prototypical example of optical manipulation is the 'optical tweezers [2] . However, its most celebrated manifestation is in the realisation of Bose-Einstein condensation in dilute atomic systems [3] .
Recently, optical manipulation received an impetus when combined with structured laser light in which optical fields can have unlimited possibilities of form in terms of spatial and temporal variations [4] . Laser beams in arbitrary geometrical arrangements can be made to interfere in a specified fashion and so generate optical potential landscapes and associated forces and torques leading to atom manipulation. Ordered arrangements of interfering laser beams form the so-called optical lattices as an example of structured light [5, 6] .
More recently, a new ingredient entered the arena of optical manipulation with the discovery of vortex laser light, which is light endowed with the property of orbital angular momentum (OAM) [7] . Such light beams are exemplified by the Laguerre-Gaussian (LG) beams distinguished by the two indices l, p and carry OAM of magnitude l per photon. The OAM property of this type of laser light is in addition to the wave polarisation, or optical spin angular momentum (SAM) property, (see [8] to [10] ). In this context both atomic and nanoparticle manipulation have revealed additional effects, with the OAM features manifesting themselves as rotational motion, and new atom trapping and cooling as well as channelling techniques have emerged (see [11] to [24] ). The optical spanner is one of the first applications which has been realised as the rotational form of the optical tweezers (see [12] to [18] ).
The simplest scenario consists a single focused beam where typically the scattering force attracts the atoms towards the focal plane where the beam intensity is maximum. However an axial force in the direction of beam propagation leads to axial drifting which has been counteracted with the use of counter-propagating beams [19] . It has also been shown that when two vortex beams meet at their common focal plane, the interference results in a petallike intensity pattern and such a petal pattern rotates when the two beams are slightly different in frequency, resulting in the Ferris-wheel phenomenon which was discussed first by FrankeArnold et al [20] and later by Vickers [19] . The case of two counter-propagating LaguerreGaussian doughnut beams LG l,0 and LG −l,0 with orthogonal linear polarizationsǫ x andǫ y leads to azimuthal polarization gradients and an azimuthal Sisyphus effect that can be utilized in the creation and control of a persistent current of superfluid atoms circulating in a toroidal trap (see [21] to [23] ).
In this paper we consider a scenario of interference which, as far as the authors know, has not been explored before in the context of optical vortices. This simply involves the introduction of a finite spatial separation d between the two focal planes of the counterpropagating LG beams, giving rise to complex intensity and phase changes. The simplest case is where both beams have the same linear polarizationǫ. The prominent feature of the resulting intensity distribution is the overlap region of the two beams, the size of which can be controlled by changing the separation d and the curvature of the beams which alter the useful length of the interference pattern. Besides the intensity, which is shown to be in the form of a finite ring lattice, new features arise due to phase variations in the phase function and its gradient. When the beams have slightly different frequencies the ring pattern becomes a set of Ferris wheels which also moves axially between the focal planes. The utility of axially-shifted counter-propagating LG beams stems from their optical torques and trapping potentials which act on atoms when situated between the focal planes. A number of cases can be considered. First is the case in which the two LG beams both have low-intensity in which case the scattering forces exhibit an additional axial component between the focal planes which is due solely to the axial shift and points symmetrically towards the centre of the beams. This is a new form of optical trapping of atoms based on scattering forces. For higher light intensities and large winding numbers l the full formalism of the interference has to be deployed, along with numerical analysis enabling, the ring Ferris wheels and axial pattern motion to be manifest between the focal planes when the beams have slightly different frequencies. The results are displayed using typical parameters pending experimental investigations in this context.
Laguerre-Gaussian (LG) optical modes
The electric field vector distribution of a single LG mode, characterised by the integers l and p, of frequency ω and axial wavevector k travelling along the positive z-axis, can be written in cylindrical coordinates r = (r, φ, z) as follows
whereǫ is the wave polarisation vector, U klp (r, φ, z) is the amplitude function and Θ klp (r, φ, z) is the phase function. We have for the amplitude function
Here L |l| p is the associated Laguerre polynomial; U k00 is the amplitude for a corresponding plane wave of wavevector k; C lp is a constant and w(z) is the beam waist at position z such that w 2 (z) = 2(z 2 + z 2 R )/kz R , where z R is the Rayleigh range. For the phase function we have
where
The first term in the phase function is the usual term representing plane wave propagation with axial wavevector k and the second term is the azimuthal phase which gives rise to l intertwined helical wavefronts and is the basis for the orbital angular momentum contents of the beam. The third term is the Gouy phase and the final term enters as a phase contribution due to the variation of the beam curvature with both ρ and z.
Optical forces on two-level atoms
We focus on the interaction of a two-level atom of transition frequency ω 0 and dipole moment µ with the LG light of frequency ω and electric field as describe above. In the steady steady such an atom is subject to position-and velocity-dependent forces. A moving atom in the field of a single LG beam experiences two forces: a scattering force and a dipole force
where F scatt klp is the scattering force
and
where Ω klp is the Rabi frequency and ∆ klp (r, v) is the position-and velocity-dependent detuning. We have
where ∆ 0 = ω−ω 0 . The dipole force is derivable in terms of the gradient of the dipole potential LG beams where beam 1 is taken to propagate along the positive z-direction with its focal plane positioned at z = −d/2 while beam 2 is propagating along the negative z-direction with its focal plane at z = +d/2. We also assume that the two beams have the same polarisationǫ.
as follows [11] 
Both the scattering force and dipole potential are well known when using ordinary (i.e. nonvortex) laser light in the context of atom cooling and trapping. The scattering force is a net frictional force responsible for optical molasses, and the dipole potential traps the atom in regions of extremum light intensity.
Axially-shifted LG beams
The physical system involves two counter-propagating LG beams, as shown schematically in Fig. 1 where beam 1 is taken to propagate along the positive z-direction with its focal plane positioned at z = −d/2 while beam 2 is propagating along the negative z-direction with its focal plane at z = +d/2. We also assume that the two beams have the same polarisationǫ. We consider the case where both beams have low intensity with low winding number l and at near resonance. The influence of the weak light beams on a two-level atom in the region between the focal planes is the sum of individual forces arising from the two beams. The beams we are dealing with are doughnut beams for which p = 0, both having the same low winding number l in which case the Gouy phase is negligible and we also drop the curvature phase term in this treatment. For ease of notation, we drop the mode label klp and the superscripts defining the optical forces scat and dipole. At near or near resonance, where Delta 0 is small the dipole force of a two-level atom is small and we are left with the scattering force. We seek to identify the first feature introduced by the shifting of the beam focal planes, so we shall consider velocity-independent i.e. static optical forces. Setting v = 0, there are two scattering forces on the atom arising from the two beams which we can conveniently describe using cylindrical polar coordinates r = (ρ, z), with ρ = (ρ, φ) the in-plane position vector component in polar coordinates. We have
Recall that the mode labels have been suppressed for ease of notation and Ω is the Rabi frequency and Γ is the inverse lifetime of the excited state of the two-level atom. The total force acting on the atom is the sum
We are interested in the region between the focal planes as a trapping region for atoms and by symmetry we expect the total force to be with reference to the centre of the system, located at z = 0. Hence we seek to explore the small |z| region using Taylor expansion. We have to leading order
A similar Taylor expansion can be carried out for F 2 and we note that at z = 0 we have
Adding the contributions from F 1 and F 2 to leading order, we find
We see that the axial total force is a quasi-restoring force centred at z = 0 and can be written as
where K is the spring 'constant', which here is weakly dependent on ρ. We have
The total axial force exhibits a quasi-harmonic trapping potential between the foci which is centred at z = 0, where the two beams supply the same intensity with a combined single doughnut ring. This central doughnut ring is of radius ρ 0 and it is at an axial distance d/2 from the focal planes. We have ρ 0 = w 2 (z = d/2)l/2. Substituting for w(z = d/2) and noting that w 2 0 = 2z R /k we find ρ 0 = w 0 l/2 1 +
. Note that the spring constant K depends on the radial coordinate ρ, as given in Eq. (19) . This takes a simpler form at the radial position ρ = ρ 0 , i.e. at the central doughnut ring. Substituting for ρ = ρ 0 we find that the expression between the curly brackets in Eq.(19) becomes equal to unity and we find
This is a constant which depends on the system parameters, most notably, the separation d. Figure 2 displays the variations of the spring constant K 0 with d for a typical set of parameters, as stated in the caption to the figure.
Since K 0 is a constant, we may now talk about a true harmonic potential V 0 (z) associated with the axial scattering force and so write
so that F z (z) = −∇V 0 (z). The physical situation is now clear in that the atoms will be trapped within the axial potential well with a minimum at the plane z = 0. The azimuthal component at ρ 0 , given by F φ = (2l/ρ 0 )Q + (z = 0)φ of the scattering force acts to rotate the atoms by the light induced torque given by
where Q + is given by Eq.(15). The above treatment is applicable in the low intensity limit and also does not take into account the situations involving focused beams with significant contributions from the Gouy phase and the curvature phase. Our next task is to explore the general case where interference is an important ingredient along with moderate focussing, so that we are still within the paraxial regime and the full LG formalism described at the outset is applicable.
Interfering LG beams
We now consider the general case where the beams are sufficiently intense and the winding number l is sufficiently large for the curvature effects, including the Gouy phase to come into play. With the two beams having the same polarisationǫ, the total field is simply the sum of the field vectors.
Once again, for ease of notation we suppress the LG mode labels klp and restore these when the need arises. For beams 1 and 2 we write,
where the amplitude functions U 1 and U 2 and phase function Θ 1 and Θ 2 are appropriate for
LG beams of the forms in Eqs. (2) and (3). Since the beam polarisations are the same we write for the total field
where U and Θ are the total amplitude function and the total phase function of the interfering beams. The evaluation of these functions proceeds as follows
Writing the complex exponentials on the right-hand side in terms of sine and cosine functions of Θ 1 and Θ 2 , followed by separation of real and imaginary part we are then able to write straight forwardly for the total amplitude function
For the total phase function we have
Equations (26) and (27) succinctly represent the interference of any two LG beams. The total amplitude function shows interference effects residing in the cosine function involving the phase difference Θ 1 − Θ 2 . On the other hand the total phase involves the amplitude functions. As we show below this inter-mixing of the amplitudes and phases in the total field turns out to be the source of interesting effects in the context of LG beams.
Interference of axially-shifted beams
Our main concern here is to explore the specific case of shifted counter-propagating LG modes and proceed to determine their intensity and phase distributions and their influence on the atoms with which they interact at near resonance. For simplicity we continue to focus on doughnut beams LG l 1 ,0 and LG l 2 ,0 . As before, we assume that the two beams have the same frequency ω and we take the focal plane of beam 1 to be situated at the point z = −d/2 and that of beam 2 to be situated at z = d/2, with the origin of coordinates situated at z=0, as shown in Fig.1 . we have for the amplitude and phase of beam 1
where U and Θ are adaptable from by Eqs. (2) and (3). Similarly, the expressions appropriate for beam 2 can be written where z → z + d/2.
Total phase function
In writing the phase function of beam 2 we must take into account that this beam is travelling along -z in addition to the shift of focal plane. Once the expressions for U 1 , U 2 , Θ 1 and Θ 2 have been determined the the total phase function follows by direct substitution in Eq.(27)
Total Amplitude function and power density
The total amplitude function is given by Eq.(26) where we need to substitute for U 1 and U 2 , but we also need to evaluate the phase difference. We find since the beams have the same frequency ω
For counter-propagating doughnut beams with l 1 = l 2 = l this simplifies to
For ∆Θ curv we find
The explicit form of the phase difference Θ 1 − Θ 2 is
.
This enables the total power density distribution to be evaluated involving realistic parameters as, for example, those stated in the caption to Fig. 3 . The superposition is seen to give rise to a standing wave in the form of a finite ring lattice of coaxial intensity rings spanning the axial region between the focal planes. The modulation in the power density pattern is governed by the cosine of the phase difference cos(Θ 1 − Θ 2 ) entering the total amplitude function. 
Effects of frequency shift
In addition to the beams being shifted in space along the common axis, it is possible for their frequencies to differ slightly by ∆ω in which case the total amplitude function becomes
where ∆ω = ω 1 −ω 2 and ∆k = k 1 −k 2 . The ∆k term is responsible for axial beating/dephasing effects exhibited by the envelope function in the z-direction. These are typically negligible for laser beams as the dephasing length 2π/∆k is typically much longer than the longitudinal coherence length of the laser beam. Since the argument of the cosine function in Eq.(34)is now time-dependent leading to optical Ferris wheels and lift. 
Optical Ferris wheels and lifts
The time dependence arising due to the frequency shift ∆ω means that the interference pattern now moves with time. A given plane, for instance the symmetry plane z = 0, can be shown to shift with time. There is azimuthal motion in every doughnut ring in the interference pattern between the focal planes which moves at an angular frequency v φ given by
Thus in the context of shifted beams this is a manifestation of the so-called optical Ferris wheel described by Franke-Arnold et al [20] . An additional effect arising from the introduction of a frequency difference ∆ω is a translation of the interference pattern along the z-axis at a speed v z given by
where the approximation is necessitated by having dropped the Gouy phase and curvature phase terms in the argument of the cosine function. This is a reasonable approximation for the case of beams with large Rayleigh range z R , and/or small winding number l. In the present context the motion of the interference pattern along the z-axis is a manifestation of the so-called lifting effect, or the conveyor belt effect.
Radial shifts in double rings
As Fig. 4 shows in the way of an example, the interference intensity pattern consists of a set of double doughnut rings, with a single central ring at z = 0. On either side of this brightest ring there are rings separated by a radial distance δρ, which, as can be deduced from the argument of the cosine function Eq.(29), is controlled by an effective wavevector k ef f arising from the inclusion of the Gouy phase. For small l and large z R , we have k ef f ≈ 2k, so the axial ring separation is δ ≈ λ/4. In Fig. 4 we see there is a double ring at z = (d/2 − δ) where δ is the axial distance separating adjacent rings in the ring lattice. One of the double rings is at a distance equal to d/2 − δ, from the focal plane of beam 1 while the second ring is a distance of d/2 + δ from the focal plane of beam 2. Thus the radii of the rings are given by
The radial separation is the difference. We have
For small d or large z R this radial separation is approximately ∆ρ ≈ w 0 2|l|(dδ/z 2 R ). This provides the possibility of choosing the parameters in such a manner that the two component rings can be made to be very close to each other. If atoms are trapped in these rings, they can tunnel between the rings for sufficiently small radial separations. For l small this could be advantageous when compared with schemes where LG beams with the same l, but p = 1 are examined for atom tunnelling between ring traps in which case the inner ring is separated from the outer one by a radial distance of w 0 , while in the current case the double ring shift differs from w 0 by the factor α = 2|l|(dδ/z 2 R ). For instance with δ = λ/4 and using z R = πw 2 0 /λ we have α = λ 3 d/(4π 2 w 4 0 ). This can be arranged to be less than unity, allowing the possibility of atom tunnelling between the components of the double ring.
Conclusions
The system we have considered here, namely that involving counter-propagating LG beams with axially shifted focal planes, as far as we know, has not been explored before in the context of twisted light. This requires the introduction of a spatial separation d between the two focal planes of the counter-propagating LG beams, giving rise to novel intensity and phase distributions. We have concentrated on the case in which the LG beams are doughnut beams and both beams are assumed to be linearly polarized in the same direction so that when the total field is constructed as the sum of the field vectors, a total amplitude function and a total phase function can be defined and are found to be intertwined, but their properties can be controlled by changing the separation d and the curvature of the beams which alters the useful length of the interference pattern.
Besides the intensity, which we have shown to be in the form of a finite ring lattice, new features arise due to variations in the total phase function and its gradient. When the beams have slightly different frequencies the ring pattern becomes a set of rotating rings resembling Ferris wheels which also move axially between the focal planes. The utility of these axially-shifted counter-propagating LG beams stem from their optical torques and trapping potentials which act on atoms between the focal planes. We considered first the case in which the two LG beams both have low-intensity in which case the scattering forces exhibit additional axial components between the focal planes which point symmetrically towards the centre of the beams, leading to a new form of optical trapping of atoms based on scattering forces. For higher light intensities and high winding numbers the full formalism of the interference has to be deployed, along with numerical analysis enabling the ring Ferris wheels and axial pattern motion to be manifest between the focal planes when the beams have slightly different frequencies. The interaction with two-level atoms in the low intensity limit is discussed here using standard theory of steady state scattering and dipole forces. However a full theory of interaction with total electromagnetic fields arising from the interference is rather complex and beyond the scope of this article which is concerned mainly with the properties of the interference fields that arise between the focal planes in the general case which shows an inter-mixing between phases and amplitude functions.
The present case, namely a one-dimensional scenario involving two conter-propagating LG beams with shifted focal planes, can be extended to the two-dimensional case where two orthogonal pairs of axially shifted LG beams interfere, in which case the region defined by the square area bounded by the four focal planes is a region of interference with corresponding optical forces, so leading to trapping in a finite two-dimensional lattice. This seemingly complex scenario turns out to be amenable to analysis, but we shall not pursue it any further here.
